The possibility of asymptotic safety scenario (asymptotic freedom) for quantum gravity has been pointed out in many contexts recently. From this point of view, we discuss some applications of cutoff identification to the black hole. If we consider the condition that the Newton coupling becomes weaker as approaching the origin, the curvature singularity still remains.
Introduction and Motivation
General Relativity(GR) has been widely investigated and accepeted as a classical theory of gravity, but some issues are still remained. One of them is the spacetime singularity. This physical singularity happens in quite general situations [1] . Much of the works have been devoted to this problem, but in general, it is expected that the theory of quantum gravity will have to resolve this difficulty in future. Although the theory of quantum gravity has not been established yet, quantum theory may regularize the singularity in some way. Here we discuss about the curvature singularity.
Among many candidates for quantum gravity, we concentrate on the "asymptotic safety" scenario which has been investigated for several years recently. This search for a ultraviolet(UV) fixed point of quantum gravity was performed in some methodology and pointed out the possibility of its existence in various dimensions.
In 4 dimensions, if the UV fixed point actually exists, the coupling of gravity (Newton constant) vanishes in the high energy limit (asymptotic freedom). In the quantum field theory, the high energy limit corresponds to the small distance limit. Therefore, the UV fixed point means that the coupling strength of gravity with matter becomes weaker as we go to shorter distances world, and which will be also equivalent to approaching the center of the gravitational potential field(for example ,in the Schwarzschild spacetime), then the singularity of the curvature of the corresponding spacetime would become weaker or regularized in some manner intuitively. Especially the information of the UV fixed point (anomalous dimension, fractal dimension) is exactly fixed [3] , which would imply some equivalence of the results from discretized simulation of quantum gravity (dynamical triangulation) [4] . The weakness of gravity at short distance was also discussed in string theory [5] . So the connection between the UV limit of quantum gravity and the singularity point of classical spacetime is also an intriguing problem. Even if the gravitational coupling vanishes and no gravity world realize for matter just on the UV fixed point, the asymptotic form of the function of metric or "gravitational coupling" (the degree of convergence et al) around it are important to judge the existence of singularity.
In the asymptotic safety scenario, momentum dependence of the Newton constant (or anomalous dimension) is fixed just on the fixed point(if it exists), but we don't know the way of the mapping this information to the coordinate space in the curved background of geometry. Mainly in this paper, we study along the line taken in works [6] [11] [12] [13] . To study the geometry of the planck scale or in a smaller region, we try to know the form of the metric of the "quantum spacetime" in the coordinate space.
In this paper, we discuss prescriptions suggested in some papers [11] [12] [13] , which produced the interesting observational implications for several phenomena. We study the efficiency of this methods for regularization of the curvature singularity of the black hole. In Section 2, we will review the concept of the nonperturbative renormaliztion group method and its approximated analytical solution from which we will check the effective potential and review the result of [11] . In Section 3, we will practice its improvement which is the same spirit proposed in [12] and discuss whether the central singularity of black hole is regularized or not in these improved spacetime.
Flow solution of Newton coupling
It is well known that field theory of gravity cannot be quantized perturbatively because of its nonrenormalizability. According to this difficulty, S.Weinberg suggested another possibility of renormalizability, "asymptotic safety" [2] . We introduce its concept below.
We denote the renormalized coupling parameters as g i (µ) at a renormalization scale µ. In addition, define the demensionless couplingsĝ i (µ) by
Here d i is the mass dimension of the original couplings. Then, any partial or total reaction rate R is written by
Here D is ordinary mass dimension of R, and E is some energy characterizing the process, X are all other dimensionless physical variables. Since we can set renormalization scale as µ = E, then (1) becomes
This depends on the behavior of the coupling g(µ) as µ → ∞ apart from the trivial scaling factor E D . Then, we concentrate on the flow equation of the dimensionless coupling ofĝ(µ)
The approching ofĝ(µ) to finite value as µ → 0 means the ultraviolet fixed point of quantum gravity in this case, and he showed it in (2 + ǫ) dimensions by ǫ-expansion. This is essentially the same argument with the modern view point of the Wilson renormalization group approach.
In higher dimensions, since the Newton constant has a negative mass dimension (UV divergence appears), we cannot apply usual perturbative computations. Vigorous execution in this direction was started by M.Reuter [6] ( and subsequent works published elsewhere). In these works, nonperturbative renormalization group approach was applied and a plausible possibility of the existense of non-Gaussian fixed point (UV fixed point) has been pointed out. In this approach, instead of evaluating the each loop contribution, we evaluate the flow of the effective average action Γ k incorporating the cutoff function R k which referred the specific cutoff momentum scale k, and getting lower the cutoff scale and integrating the lower momentum mode gradually. The flow equation for the efective average action is conceptually
Here Γ (2) k is the Hessian of the effective average action Γ k itself in field space. Then we derive the flow equation (beta function) of the coupling through the derivative expansion with ansatz of the solution. In [6] and [11] , the Einstein-Hilbert ansatz
was studied. Essentially there is no divergence in each step of calculations. Γ k is the standard effective action in the limit k → 0. The stability of the existence of the UV fixed point has been investigated by extending the dimension of the theory space. Here we don't review the details of this formulations any more, and only start from an approximate solution which was already mentioned [11] . In ref [11] , the renormalization group equation was solved without cosomological constant and matter in a cetain approximation
where k is Euclidean momentum, ω is a certain constant (order 1) which is generated from some cutoff functions of momentum integral, G 0 is the Newton constant at the reference scale k 0 and here we set k 0 ∼ 0(cosmological scale). When we take the large momentum limit (k
which shows the asymptotic freedom of the gravitational coupling. When we consider the phenomenology of this quantum effect, we should translate these information in the momentum space into that for the coordinate space. Exactly speaking, the momentum k 2 should be considered as an eingenvalue of the Laplace operator on the general background spacetime. But especially in the curved background case, we don't know the way to pass to the coordinate space via a Fourier integral as we do in the flat space. Details of discussion about a solution generating approach can be found in [12] [13].
Correction for gravitational potential in Minkowski space
From this subsection we take up the way of "cutoff identification" proposed in [11] , and speculate about that in some example of flat space. Let us concider the behaviour of the static limit of the potential from above solution in coordinate space. As always, we take
Here m
. This correciton term is of Yukawa type, and it was also found in another method "YFS resummation" [7] .In addition, the effective propagator of our case is the inverse of 4th order of momentum which corresponds to R 2 (quadratic curvature) theories of perturbative quantum gravity. We note here interesting remark that elaborated work of R 2 -background metric independent formalism [8] is related to the results of computer simulation of simplical quantum gravity [9] (The second term in the third equation 7 is of the same form as massive propagator of negative sign, which has been also known in quadratic curvature's quantum gravity. About this problem of quadratic curvature and conformal factor's divergence in Euclidean gravity in the original formulation of this nonperturbative approach, we can refer to [10] as one observation for the convergence of effective action. We don't proceed in this issue here). From this result, we define the coordinate-dependent Newton constnant
Certainly G(r) vanishes as r → 0. This implies asymptotic freedom. Above consideration were all in flat space. If one wants to know the quantum correction of the classical solution (we discuss mainly about the Schawarzschild spacetime in this paper) by making use of the momentum flow solution of the Newton constant(5), we have to consider and integrate them in covariant manner with respect to the background spacetime. Actually in the original method of this approach, we use the formula of heat kernel to evaluate flow of the effective action on the maximally symetric space [6] . However it is still difficult to evaluate for general curved background case including the flow solution of the coupling.
One alternative prescription was proposed and investigated in [11] . In [11] , speculating from the example of QED quantum correction for electric charge, authors assumed some identification rule between momentum cutoff and corresponding cutoff in coordinate space. It is the direct substitution
into the coupling flow solution for the momentum space. Here ξ is some constant which will be determined later and r is the distance from the origin. Generally such relation for identification does not hold. We comment a little about it in the appendix. But this is the case for usual transoformation into coordinate representation from momentum space (momentum Fourier integration).
From the original spirit of the effective average action, they tried to mimic the behaviour for inclusion of nonlocal terms [12] [13] . Actually effective action can have nonlocal terms, and the case for momentum cutoff theory was mentioned. In this case, the effective average action generates nonlocal terms during the evolution even if original one consists of local terms at UV scale. As a result, this identification is expected to be the correct behaviour even at the tree level As application for the infrared physics, dark matter problem of galactic rotation curve was discussed by assuming the flow solution for infrared fixed point of quantum gravity [13] . Cosmological solution was also discussed in [12] .
So we follow this identification program in this paper and study the solution around the origin of the "black hole" solution.
Cutoff identification in black hole background
We review the application for the black hole [11] . This prescription of identification was revised in recent works [12] [13], which we will discuss about later. To try to generalize above operation, the choices of the invariant length d(r) was adopted instead of the distance r itself which has no universal meaning in curved background.
In the Schwarzschild case, the authors of [11] indentified
here P is the point of reference scale and d(P ) is the proper length between the center of the black hole and point P . ξ is some numerical constant to be fixed later.Having integrated the line element with fixed angular and time coordinate, we get the concrete expression of d(P ), which is d(r) ≈ r as r → ∞ and d(r) ∝ r 3 2 as r → 0. This analytical expression are different each other whether the refrence point P is inside or outside the horizon.
As a candidate of cuttoff function for interpolating this behaviour in each limit,
was used. Here γ = 9 2
but this was also used as free parameter.Then, we get by replacement (10)
Hereω ≡ ωξ 2 . For large distances,the leading correction to Newton constant is given by
and at small distances
Newton coupling vanishes at r → 0 in this case also. Then we can determine the value ξ at this stage. From the view point of the low energy effective field theory, we can evaluate the quantum corrections to the Newton potential from the perturbative quantum gravity at large distances [14] . The dominant terms in this case generate as non-analytic terms of momentum. Integrating Fourier integrals, the dominant correction of order 1 r 3 appears. So our identification procedure leads to the same order of dominant correction with [14] actually. By adjusting the numerical value of (13) to the result of [14] ω
The sructure of this quantum black hole was investigated closely by assuming the lapse function as
As we see clearly from the expression (14) , the value of the metric coefficient f is zero at r = 0 and actually this spacetime has two horizon. When the mass of black hole is lower than a certain characteristic scale (which is comparable to planck mass), horizon disappears and there is no evaporation of the Hawking process.
Here we comment about the curvature behaviour at origin of this geometry. The metric
with lapse (c, ν are constants)
has the curvature and Weyl invariants
(20)
The classical Schwarzschild metric is ν = −2 and (20),(21) diverges at r = 0 although Ricci scalar (19) is zero. On the other hand, the corrected spacetime has asymptotic form
, whose dominant term resembles the de-Sitter metric. Therefore this case with exponent ν = 2 has no curvature singularity at r = 0.
Although these results are intriguing, the above prescription should be revised because we should measure the length in the "corrected" space and not in the classical one. In addition, there may be another problem. If the corrected solution of the gravitational system is largely deviated from the classical solution, it may imply that we should totaly reconsider from the very beginning of (classical) action principle. We discuss the revised approach for these two problems in the next section.
"Consistent cutoff identification approaches"
to the black hole spacetime
Solution improvement by consistent cutoff identification
As we have reviewed already,in ref [12] , we measure the proper distance from the center of the black hole to the "observer" through the metric of the classical solution. But If we obey to this spirit faithfully, proper length should be measured by the metric of quantum corrected spacetime itself. This corresponds to including the backreaction of quantum gravity effects. This point was also mentioned as "consistent cutoff identification" already [13] , but it was not applied rather to the cosomological background or infrared scale than to the black hole or short distance scale. So let's perform this program in our black hole case. We start from the lapse function (16) to measure the proper distance.Then the distance function is
Here we replace the Newton constant G 0 of [11] with some r-dependent function, G(r). On the other hand, the flow of the Newton coupling in the coordinate expression is determined by
To solve both equations (22) and (23) simaltaneously, we differentiate each equations with r, and equating
and rewriting this as
we seek the solution near the origin r = 0. We assume it to scale as G(r) ∼ r ν (ν > 0) in the limit r → 0. The assumption ν > 0 means that G(r) → 0 as r → 0. This is not derived exactly from theory but follows from the intuitive picture of "asymptotic safety (asymptotic freedom)" and the assumption
of (10), that is, the energy scale becomes higher as r → 0. If we suppose 0 < ν < 1 then the left hand side of (25) is divergent as r → 0 but the right hand side vanishes. So this is not a solution. Now, for the case ν ≥ 1 the dominant order is found to be r 2 and
which leads to the following lapse function
this corresponds to ν = 1 in (19)(20) and these curvature invariant diverge as r → 0. The curvature singularity still remains intact.
Improved action principle and Weyl symmetry
In this subsection, we proceed the discussion along the solution generating technic proposed in [12] . This method is based on the interesting observation of the Weyl symmetry derived from the new framework of a positiondependent Newton coupling action. As we mentioned before, if the quantum corrected solution is modified largely from the classical one (this is the case near the origin, the previous section), this effect can modify the stationary point of the classical action again. This means a certain kind of back reaction of quantum effects at a much more profound level. We try to solve the problem self-consistently at the action level.We review this method in short.
The running Newton coupling means that the Newton coupling is position dependent. If we take it seriously in classical level, we have to change the procedure of the use of the action principle for the original Einstein-Hilbert action. This viewpoint is similar the well known Brans-Dicke theory (scalartensor gravity) in which the Newton constant is considered to be a position dependent scalar function. In our case also, the equation of motion is changed and to satisfy the Bianchi identity, we add a new term S θ [g µν , G, Λ] from the beginning. So in the following formulation, the Newton coupling is not independent degree of freedom but is controlled by the constraint and the renormalization group.
We replace the Newton and cosmological constants with functions G(x) and Λ(x) in the Einstein-Hilbert action
The equation of motion from this action is 2
here △t µν is the outcome from position dependent Newton coupling G(x)
covariant derivative ∇ µ is taken with respect to the metric g µν . Then we consider the energy momentum tensor T µν of matter with the conservation law ∇ µ T µν = 0. However, the Bianchi condition ∇ µ G µν = 0 requires this equation of motion to hold identically (irrespicitvely of its solution), and we should add new compenesating term θ µν . Finally the total equation of motion is
Contracting this with the covariant derivative, and using ∇ µ G µν = 0 and ∇ µ T µν = 0, we get the "on-shell consistency condition"
We can not solve (32) for ϑ µν in general case. But for a special case,T = 0, at least, when matter A satisfy its equation of motion, and G(x)Λ(x) = constant, we solve the equation under the assuumption that ϑ µν vanishes for ψ = constant
here ψ ≡ − ln(
). This tensor θ µν is derived from
. Total action with matter, in the end, is
here A is matter fields in the matter action S M . The equation of motion obtained by variation of the metric is (31). From here, we consider the case without position-dependent cosmological constant, Λ = 0, and without matter, T µν = 0.
This action can be transformed into the usual Einstein-Hilbert action of a new metric γ µν by conformal transformation γ µν ≡ e ψ g µν =
up to a total derivative term.
The existence of this symmetry shows that the stationary point (classical solution) of the original action wiht the metric g µν corresponds to that of the Einstein-Hilbert action with the metric γ µν . We can make use of this symmetry to solve the problem.
We search for a static vacuum solution with spherical symmetry. From here we relabel the metric of the Einstein-Hilbert system as γ µν →ḡ µν , and call each system g µν ,ḡ µν as "Q-system" and "C-system" respectively. They are conformally related g µν = (
although the left hand side is r 2ν−2 . This shows that there is no analytic solution around the origin r = 0.
To demonstrate it more clearly, we consider (41) again in the limit r → 0. Eq.(41) reduces approximately to √ω
Integrating this in the region 0 ≤ r ′ ≤ r we get √ω
while the integration of the left hand side of the above equation is logarithmic divergent at G ′ = 0 . The solution can not be expressed with any power function or analytic solution of r around the origin.
By the way, we can transform the metric (38) into the standard radial coordinate form by ρ(r) ≡ r
except we interpret r = r(ρ). If we look for an analytic solution G(ρ) with same prescripton as above around the origin ρ = 0, assuming G(ρ) = ρ ν (ν > 0) at ρ → 0, we can't find a suitable solution for ν. There is no desired solution in this coordinate frame also.
To see the aspect of curvature singularity, we go back to a more general point of view. Curvature invariants transform according to the conformal transformation g µν →ḡ µν = Ω 2 (x)g µν
Discussion and Conclusion
We have tried to get some sort of description for quantum corrected geometry from the view point of asymptotic safety. We started from some approximate solution for the running equation. Most simple description is that in Mikowski spacetime. In this case, we can get an analytical solution from the approximate solution simply by the Fourier "transformation". This solution shows that the effective Newton coupling dissapears when we approach the origin. If we adhere to this picture, situation is simply asymptotic freedom in the high energy (short distance) limit. However, this rather corresponds to the quantum correction for the Newton potential.
If we examine the quantum correction for a realistic configuration which is described by general relativity, we have to find the reasonable scheme for "transformation" which produce the consistent results with observational data or other theoretically well-defined results. The result from the first proposal in [11] conformed to that of the effective field calculus surely at long distances. We have discussed revised way of a cutoff identifications.
Our interest has been focused on the singular spacetime (curvature singularity), and we adopted two ways of consistent cutoff identification to the static spherically symmetric spacetime. We have studied the solution G(r) under condition of intuitive asymptotic freedom, G(r) → 0 at r → 0 as an analytical solution.
First approach is the solution improvement. This is the proposal which we fix the solution form for the Newton coupling and we measure the reference length on this solution. In this case, we got an analytical solution for G(r), but the curvature singularity still remains although its strength became weaker than the classical one.
Second approach, the action improvement, is based on a serious attention to the meaning of the running coupling. In this framework we can utilize the special feature of the "new action", conformal symmetry, for some kind of spacetime. That is our case. In this case we could not integrate the solution and it seems to be non-analytic. Curvature singularity also persists. For this second approach, we should remark that even if we leave the "cutoff identification" regime, the curvature divergence is not regularized with condition G(r) → 0 at r → 0.
Consequently our approach by the cutoff identification which was mainly proposed in [11] [12] does not regularize the curvature singularity at the center of the black hole. The "cutoff identification" is phenomenological approach at present in this sense. (This situation seems to be the same in cosmology, where there is no universal observation to regularize the initial time singu-larity 'Big Bang' in much works (see [12] [16] and so on)).If we give up the condition G(r) → 0 at r → 0, the situation would change, but in this case we should proceed much more carefully.
On the other hand, the second approach, i.e. the action improvement or Weyl symmetry may give us some interesting insights. If we accept this way, the singularity still appears under the condition G(r) → 0 at r → 0 without particular cutoff identification.
As we will see in the appendix, the speculation of just on the UV fixed point (ex. (5)) and that of including the next order correction (ex.(6)) lead to different asymptotic behaviour in the limit r → 0 in the usual integral of flat space. The results in the appendix also imply that naive manipulations for approximation does not surely produce correct result. To describe the situations near the UV fixed point as some geometry seems to be difficult at present. The construction of "quantum geometry" around the UV fixed point from the "renormalization group" at short distance scale still needs to be studied carefully.
We also note another works for running Newton coupling of quantum gravity effect which was applied to cosmology [15] , but this method is also suitable for infrared scale physics from the beginning. The connections of "asymptotic safety" and string theory was also discussed recently in the search for bouncing universe [17] .
In this paper, we studied the expectations of the regularization of singularity for black hole by quantum gravity effects. There are still other perspectives for this problem. For instance, Weyl curvature hypothesis [18] by R.Penrose insists the distinguishment of the singularity in Black hole with that of Big Bang cosmology. Generation of the time-irreversibility may be also interesting problem for quantum gravity from that point of view. On the other hand, the running gauge coupling is e 2 (k) = e , here d(r) is the invariant length in curved space for a specific reference scale. Before explaining this cutoff identification, we see the second example of this replacement Let's see the case of the gravitational correction again to check how this operation can be worked out. If we start from the flow solution of the Newton constant(5), the result of coordinate representation (7) and (8) is exact.
In the small distance limit r ≪ m
The leading term is linear in distance.
On the other hand, according to the identification k ↔ 
